
6.1 – Inner Products

De!nition: An inner product on a real vector space 𝜔 is a function that asso-
ciates a real number ⌋𝛚, 𝛆⌈ with each pair of vectors in 𝜔 in such a way that the
following axioms are satis!ed for all vectors 𝛚, 𝛆, and𝛝 in 𝜔 and all scalars 𝜀.

1. ⌋𝛚, 𝛆⌈ = ⌋𝛆, 𝛚⌈ (symmetry axiom)
2. ⌋𝛚 + 𝛆, 𝛝⌈ = ⌋𝛚, 𝛝⌈ + ⌋𝛆, 𝛝⌈ (additivity axiom)
3. ⌋𝜀𝛚, 𝛆⌈ = 𝜀 ⌋𝛚, 𝛆⌈ (homogeneity axiom)
4. ⌋𝛆, 𝛆⌈ ⋛ 0 and ⌋𝛆, 𝛆⌈ = 0 if and only if 𝛆 = 𝛡 (positivity axiom)

De!nition: A real vector space with an inner product is called a real inner

product space.
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Examples of Inner products

• The dot product ⌋𝛚, 𝛆⌈ = 𝛚 ⋜ 𝛆 = 𝜗1𝜛1 + 𝜗2𝜛2 + … + 𝜗𝜚𝜛𝜚 is the Euclidean
inner product or standard inner product on 𝜍𝜚. [𝜍𝜚 with the
Euclidean inner product is called Euclidean 𝛠-space.]

• If 𝛚 = (𝜗1,𝜗2,… ,𝜗𝜚) and 𝛆 = (𝜛1, 𝜛2,… , 𝜛𝜚) are vectors in 𝜍𝜚 and𝜑1,𝜑2,… , 𝜑𝜚 are positive real numbers, then the formula⌋𝛚, 𝛆⌈ = 𝜑1𝜗1𝜛1 + 𝜑2𝜗2𝜛2 + … + 𝜑𝜚𝜗𝜚𝜛𝜚 is called theweighted

Euclidean inner product with weights𝛝𝛓,𝛝𝛗,… ,𝛝𝛠.
• On𝛻𝜚𝜚, the set of 𝜚 ω 𝜚matrices: If 𝛚 = 𝜕 and 𝛆 = 𝜔 are matrices in the
vector space𝛻𝜚𝜚, then the formula ⌋𝛚, 𝛆⌈ = ℵℶ(𝜕ℷ𝜔 ) is the standard
inner product on𝛻𝜚𝜚.

• If 𝛁 = ℸ0 + ℸ1⊳ + … + ℸ𝜚⊳𝜚 and 𝛛 = ⊲0 + ⊲1⊳ + … + ⊲𝜚⊳𝜚 are polynomials
in 0𝜚, then the standard inner product on 0𝜚 is⌋𝛁, 𝛛⌈ = ℸ0⊲0 + ℸ1⊲1 + … + ℸ𝜚⊲𝜚. (Note the similarity in form to the dot
product.)

• If 𝛁 = ℸ0 + ℸ1⊳ + … + ℸ𝜚⊳𝜚 and 𝛛 = ⊲0 + ⊲1⊳ + … + ⊲𝜚⊳𝜚 are polynomials
in 0𝜚 and if ⊳0, ⊳1,… , ⊳𝜚 are distinct real numbers, then the formula⌋𝛁, 𝛛⌈ = 1 (⊳0) 2 (⊳0) + 1 (⊳1) 2 (⊳1) + … + 1 (⊳𝜚) 2 (⊳𝜚) is the evaluation
inner product at ⊳0, ⊳1,… , ⊳𝜚.

• If − = 3 (⊳) and + = 4(⊳) are two functions in 5[ℸ, ⊲], then⌋− , +⌈ = ⌉ ⊲ℸ 3 (⊳)4(⊳)6⊳ de!nes an inner product on 5[ℸ, ⊲].
• If 𝛚 and 𝛆 are vectors in 𝜍𝜚 expressed in column form, 7 is an invertible𝜚 ω 𝜚matrix, and 𝛚 ⋜ 𝛆 is the Euclidean inner product on 𝜍𝜚, then the
formula ⌋𝛚, 𝛆⌈ = 7𝛚 ⋜ 7𝛆 is the inner product on ±𝛠 generated by ∓.
This is an example of amatrix inner product.
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#10 Compute the standard inner product on𝛻22 of the given matrices.𝜕 = { 1 2ε3 5}, 𝜔 = {4 60 8}

#11 Find the standard inner product on 02 of the given polynomials.𝛁 = ε2 + ⊳ + 3⊳2, 𝛛 = 4 ε 7⊳2
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#16 A sequence of sample points is given. Use the evaluation inner product on 03
at those sample points to !nd ⌋𝛁, 𝛛⌈ for the polynomials 𝛁 = ⊳+⊳3 and 𝛛 = 1+⊳2.⊳0 = ε1, ⊳1 = 0, ⊳2 = 1, ⊳3 = 2

#8 Use the inner product on 𝜍2 generated by the matrix 7 to !nd ⌋𝛚, 𝛆⌈ for the
vectors𝛚 = (0, ε3) and 𝛆 = (6, 2).7 = { 2 1ε1 3}

Example: A weighted Euclidean inner product
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De!nition: If 𝜔 is a real inner product space, then the norm or length of a
vector 𝛆 in 𝜔 is denoted by ⦃𝛆⦃ and is de!ned by ⦃𝛆⦃ = ⦄⌋𝛆, 𝛆⌈ and the distance
between two vectors is denoted by 6(𝛚, 𝛆) and is de!ned by 6 (𝛚, 𝛆) = ⦃𝛚 ε 𝛆⦃ =⦄⌋𝛚 ε 𝛆, 𝛚 ε 𝛆⌈. A vector of norm 1 is called a unit vector.
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#1 Let 𝜍2 have the weighted Euclidean inner product ⌋𝛚, 𝛆⌈ = 2𝜗1𝜛1 + 3𝜗2𝜛2 and
let 𝛚 = (1, 1), 𝛆 = (3, 2),𝛝 = (0, ε1), and 𝜀 = 3. Compute the stated quantities.
a. ⌋𝛚, 𝛆⌈ b. ⌋𝜀𝛚, 𝛆⌈ c. ⌋𝛚 + 𝛆, 𝛝⌈ d. ⦃𝛆⦃ e. 6 (𝛚, 𝛆) f. ⦃𝛚 ε 𝜀𝛆⦃

Theorem 6.1.1Norms and Distances in Inner Product Spaces
If 𝛚 and 𝛆 are vectors in a real inner product space 𝜔 , and if 𝜀 is a scalar, then:
a) ⦃𝛆⦃ ⋛ 0 with equality if and only if 𝛆 = 𝛡 (analogous to Theorem 3.2.1 (a) and
(b)).
b) ⦃𝜀𝛆⦃ = |𝜀| ⦃𝛆⦃ (analogous to Theorem 3.2.1 (c)).
c) 6 (𝛚, 𝛆) = 6(𝛆, 𝛚) (analogous to Theorem 3.2.2 (d)).
d) 6 (𝛚, 𝛆) ⋛ 0 with equality if and only if 𝛚 = 𝛆 (ibid).

a i J 2 1 3 3 11 2 12

b 35,07 2 3 3 3 3 2 36 Note

c ñ T w̅ 2 101 0 3 1 2 1 9
Note i w̅ 3 LT w̅ 6

UWS T E ñ T w̅
d 1181 3 E 21311314312T 50
e d ñ v7 i i i E ñ 0 4 2 17

JLT A



#37 Let the vector space 02 have the inner product ⌋𝛁, 𝛛⌈ = ⌉ 1ε1 1(⊳)2(⊳)6⊳ .
Find the following for 𝛁 = 1 and 𝛛 = ⊳2.
a. ⌋𝛁, 𝛛⌈ b. 6 (𝛁, 𝛛) c. ⦃𝛁⦃ d. ⦃𝛛⦃

De!nition: If 𝜔 is an inner product space, then the set of points in 𝜔 that satisfy⦃𝛚⦃ = 1 is called the unit sphere in 𝜔 (or the unit circle in the case where𝜔 = 𝜍2).
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Theorem 6.1.2 Algebraic Properties of Inner Products (generalization of Theo-
rem 3.2.3)
If 𝛚, 𝛆 and𝛝 are vectors in a real inner product space 𝜔 , and if 𝜀 is a scalar, then:
a) ⌋𝛡, 𝛆⌈ = ⌋𝛆, 𝛡⌈ = 0
b) ⌋𝛚, 𝛆 +𝛝⌈ = ⌋𝛚, 𝛆⌈ + ⌋𝛚, 𝛝⌈
c) ⌋𝛚, 𝛆 ε𝛝⌈ = ⌋𝛚, 𝛆⌈ ε ⌋𝛚, 𝛝⌈
d) ⌋𝛚 ε 𝛆, 𝛝⌈ = ⌋𝛚, 𝛝⌈ ε ⌋𝛆, 𝛝⌈
e) 𝜀 ⌋𝛚, 𝛆⌈ = ⌋𝛚, 𝜀𝛆⌈

a distorted circle a.k.a an ellipse
In the case of the integral inner product
like in 37 the unit sphere
consists of all functions IE a b
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proving these is a good exercise


